Let P(G) denote the chromatic polynomial of a graph G. Two graphs G and H are chromatically equivalent, written G∼H , if P(G) = P(H ). A graph G is chromatically unique if for any graph H , G∼H implies that G is isomorphic with H . In this paper, we give the necessary and su cient conditions for a family of generalized polygon trees to be chromatically unique. c
Introduction
The graphs that we consider are ÿnite, undirected and simple. Let P(G) denote the chromatic polynomial of a graph G. Two graphs G and H are said to be chromatically equivalent, and we write G∼H , if P(G) = P(H ). A graph G is chromatically unique if G is isomorphic with H for any graph H such that G ∼ H . A set of graphs S is called a chromatic equivalence class if for any graph H , that is chromatically equivalent with a graph G in S, H ∈ S.
A path in G is called a simple path if the degree of each interior vertex is two in G. A generalized polygon tree is a graph deÿned recursively as follows. A cycle C p (p¿3) is a generalized polygon tree. Next, suppose H is a generalized polygon tree containing a simple path P k , where k¿1. If G is a graph obtained from the union of H and a cycle C r , where r ¿ k, by identifying P k in H with a path of length k in In [1] , Chao and Zhao studied the chromatic polynomials of the family F of connected graphs with k edges and (k − 2) vertices each of whose degrees is at least two, where k is at least six. They ÿrst divided this family of graphs into three subfamilies F 1 , F 2 and F 3 according to their chromatic polynomials, and computed the chromatic polynomials for the graphs in each subfamily. Then they discussed the chromatic equivalence of graphs in F, and proved many results. One of these results is Theorem B which is stated at the end of this section. They also discussed the chromatic uniqueness of graphs in F 3 but they did not study the chromatic uniqueness of graphs in F 2 which consists of graphs of types Z 12 , Z 13 and Z 14 . Note that the graph G In the remaining of this section, we state some known results that will be used to prove our main theorems. The girth of a graph G, denoted by g(G), is the length of a shortest cycle of G.
Theorem A (Whitney [4] ). Let G and H be chromatically equivalent graphs. Then where
Main results
In this section, we shall characterize the chromaticity of G 
Without loss of generality, assume that a6b, a6c6d, and a 6b , a 6c 6d . It is easy to see that min{a; b; c; d; 2}=min{a ; b ; c ; d ; r +1}. This means 2=min{a ; r +1}. If r + 1 = 2, then r = 1 and this contradicts our assumption; thus a = 2. Also we have 2 = a = min{a; b; c; d} = min{r + 1; b ; c ; d } and we know that r + 1 = 2. Therefore, b = 2 or c = 2. We now consider these two cases. Case 1: Suppose b = 2. Then from Q 1 (G) = Q 1 (H ), after cancelling equal terms, we have Q 2 (G) = Q 2 (H ) where
Since a = b = 2, g(G) = g(H ) = 4. Therefore, b = 2 or c = d = 2 because a = 2. Subcase 1.1: Suppose b = 2. Then x 2 ∈ Q 2 (G) and x 2 cannot be cancelled in Q 2 (G). So we must have x 2 ∈ Q 2 (H ). Hence r + 1 = 2 or c = 2. But r + 1 = 2 contradicts our assumption. Therefore we have c = 2 and Q 3 (G) = Q 3 (H ), where 
Since 2x 2 ∈ Q 4 (G) and cannot be cancelled, we must have 2x 2 ∈ Q 4 (H ). But this is impossible because r + 1 = 2 and d = 2. So we have no solution for Q(G) = Q(H ) when b = 2.
Case 2: Suppose c = 2. Then from Q 1 (G) = Q 1 (H ), after cancelling equal terms, we have Q 5 (G) = Q 5 (H ), where
Since a = c , without loss of generality, we assume b 6d . From Case 1, b = 2; therefore g(G) = g(H ) ¿ 4 and b¿3. Since x 3 ∈ Q 5 (H ) and cannot be cancelled, we must have x Since x 3 ∈ Q 6 (H ) and cannot be cancelled, x 3 ∈ Q 6 (G) and so we have c = 3. We now have Q 7 (G) = Q 7 (H ), where 
and it is a contradiction. Subcase 2.2: Suppose c = 3 and b = 3. Then g(G) = 6 = g(H ). Since b 6d , we have r = 2 or b = 4. If the former holds, then from Q 5 (G) = Q 5 (H ), after cancelling equal terms, we have Q 9 (G) = Q 9 (H ) where
Now x 3 ∈ Q 9 (H ) and cannot be cancelled. Therefore, x 3 ∈ Q 9 (G); hence, d = 3 because b = 3. With this we have 2x 4 ∈ Q 9 (G) and cannot be cancelled. Since −x 4 ∈ Q 9 (H ), we must have 3x 4 ∈ Q 9 (H ), and this is impossible. If the latter holds, then from Q 5 (G) = Q 5 (H ), after cancelling equal terms, we have Q 10 (G) = Q 10 (H ), where We also discover that the conjecture in [3] is only true for r = 1. For each r¿2, we provide two counter examples as follows:
• G We discuss the chromatic equivalence of graphs in C r (a; b; c; d) (r¿2) in another article.
